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The paper determines the thermodynamic parameters of the superconducting state in the metal-
lic atomic hydrogen under the pressure at 1 TPa, 1.5 TPa, and 2.5 TPa. The calculations were
conducted in the framework of the Eliashberg formalism. It has been shown that the critical tem-
perature is very high (in the range from 301.2 K to 437.3 K), as well as high are the values of the
electron effective mass (from 3.43 me to 6.88 me), where me denotes the electron band mass. The
ratio of the low-temperature energy gap to the critical temperature explicitly violates the predictions
of the BCS theory: 2∆ (0) /kBTC ∈ 〈4.84, 5.85〉. Additionally, the free energy difference between
the superconducting and normal state, the thermodynamic critical field, and the specific heat of the
superconducting state have been determined. Due to the significant strong-coupling and retardation
effects those quantities cannot be correctly described in the framework of the BCS theory.
PACS: 74.20.Fg, 74.25.Bt, 74.62.Fj
Keywords: Metallic hydrogen, Superconducting state,
Thermodynamic properties.
I. INTRODUCTION
The superconducting state with the possibly high value
of the critical temperature (TC) is one of the most im-
portant goals of the solid state physics.
Initially the greatest hopes were related to the group of
the superconductors discovered in 1986 by Bednorz and
Mu¨ller (the so-called cuprates) [1], [2]. Unfortunately,
the years of study within the family of the compounds un-
der consideration allowed to obtain the maximum value
of TC equal only to 135 K (HgBa2Ca2Cu3O8+y) [3]. How-
ever, the critical temperature could still be slightly in-
creased up to TC = 164 K, when increasing the external
pressure (p) up to the value of about 31 GPa [4], or up
to 153 K for p = 15 GPa, which is suggested in the paper
[5].
Let us notice that the new families of the supercon-
ductors discovered in the later years (the fulleride, the
iron-based, and the MgB2-based compounds [6], [7], [8])
have been characterized by the significantly lower values
of the critical temperature than cuprates.
Alongside the mainstream of the research, also the
search for the high-temperature superconducting state
in the more exotic physical systems was conducted. The
most promising direction is connected with the supercon-
ducting state inducing in the metallic hydrogen (Ashcroft
in 1968 [9]).
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The predicted high value of the critical temperature for
the superconducting state in hydrogen is related to the
following facts: (i) the large value of the Debye frequency
resulting from the small mass of the atomic nucleus (sin-
gle proton) and (ii) lack of the electrons on the inner
shells, which should result in the strong coupling of the
electron-phonon type [10], [11].
Unfortunately, the theoretical predictions has not been
able to be confirmed experimentally to the present day,
which results from the very high value of the pressure of
hydrogens metallization (pm ∼ 400 GPa) [12]. However,
recent experimental data obtained for the compounds
H2S and H3S ([TC ]max ∼ 200 K [13], [14]), where the
chemical pre-compression lowers the value of pm [15], in-
directly confirms the results of the theoretical considera-
tions for hydrogen [16], [17], [18], and [19].
Referring specifically to the theoretical results ob-
tained for the superconducting state in hydrogen, the
attention has to be paid to the fact that the value of TC
is high in the whole range of the pressure from about 400
GPa to 3.5 TPa (the pressure near the core of the planet
of the Jovian-type [20]). In particular, for the molecular
phase of hydrogen (p ∈ 〈400, 500〉 GPa), the critical tem-
perature grows rapidly from about 80 K to 350 K [21],
[22], [23], and [24]. Above 500 GPa, the value of TC sta-
bilizes in the range from ∼ 300 K to ∼ 470 K, whereas
for 2 TPa, the maximum of the critical temperature able
to reach even the value of 630 K is predicted [10], [11].
The thermodynamics of the superconducting state in
hydrogen has been studied for the few selected pressures
[11], [22], [24]. The obtained results suggest that, due
to the significant strong-coupling and retardation effects,
the description with the use of the BCS theory [25], [26] is
not sufficient and the Eliashberg method should be used
instead [27].
The thermodynamic parameters of the superconduct-
ing state in hydrogen for the pressure at 1 TPa, 1.5
2TPa, and 2.5 TPa have been determined in the present
work. The calculated values of the coupling constant (λ)
and the logarithmic frequency (ωln) in the considered
case prove that the parameter determining the magni-
tude of the strong-coupling and retardation effects (r =
kBTC/ωln) significantly deviates from the limit value of
BCS: [r]BCS = 0 (see Tab. I). For this reason, the ther-
modynamics of the superconducting state was described
with the help of the Eliashberg equations [27].
II. THE FORMALISM
The Eliashberg equations on the imaginary axis (i =√−1) take the following form:
φm =
pi
β
M∑
n=−M
λ (iωm − iωn)− µ⋆θ (ωc − |ωn|)√
ω2nZ
2
n + φ
2
n
φn, (1)
Zm = 1 +
1
ωm
pi
β
M∑
n=−M
λ (iωm − iωn)√
ω2nZ
2
n + φ
2
n
ωnZn. (2)
The order parameter is defined by the ratio: ∆m =
φm/Zm, where φm = φ (iωm) represents the order pa-
rameter function and Zm = Z (iωm) is the wave function
renormalization factor. The m-th Matsubara frequency
is given by: ωm = (pi/β) (2m− 1), where: β = (kBT )−1.
The pairing kernel is given with the following formula:
λ (z) = 2
∫ Ωmax
0 dΩ
Ω
Ω2−z2α
2F (Ω), where α2F (Ω) is the
Eliashberg function. The Eliashberg functions were cal-
culated in the paper [28] for the cases under consider-
ation. The values of the maximum phonon frequency
(Ωmax) are collected in Tab. I.
The depairing correlations were modelled paramet-
rically with the help of the Coulomb pseudopotential:
µ⋆ ∈ {0.1, 0.2, 0.3}. θ denotes the Heaviside function, ωc
represents the cut-off frequency: ωc = 5Ωmax.
The Eliashberg equations were solved for M = 1100,
which ensured the stability of the functions φm and Zm
for the temperatures larger than, or equal to T0 = 50
K. The numerical modules described and tested in the
papers: [22], [24], [29], [30], [31], [32], and [33] were used.
In order to accurately determine the value of the energy
gap and the electron effective mass, the solutions of the
Eliashberg equations from the imaginary axis should be
analytically extended on the real axis (φm → φ (ω) and
Zm → Z (ω)). The following equations were used for this
purpose:
φ (ω + iδ) =
pi
β
M∑
m=−M
[λ (ω − iωm)− µ⋆θ (ωc − |ωm|)] φm√
ω2mZ
2
m + φ
2
m
(3)
+ ipi
∫ +∞
0
dω
′
α2F
(
ω
′
)[N (ω′)+ f (ω′ − ω)] φ
(
ω − ω′ + iδ
)
√
(ω − ω′)2 Z2 (ω − ω′ + iδ)− φ2 (ω − ω′ + iδ)


+ ipi
∫ +∞
0
dω
′
α2F
(
ω
′
)[N (ω′)+ f (ω′ + ω)] φ
(
ω + ω
′
+ iδ
)
√
(ω + ω′)
2
Z2 (ω + ω′ + iδ)− φ2 (ω + ω′ + iδ)

 ,
and
Z (ω + iδ) = 1 +
i
ω
pi
β
M∑
m=−M
λ (ω − iωm) ωmZm√
ω2mZ
2
m + φ
2
m
(4)
+
ipi
ω
∫ +∞
0
dω
′
α2F
(
ω
′
)[N (ω′)+ f (ω′ − ω)]
(
ω − ω′
)
Z
(
ω − ω′ + iδ
)
√
(ω − ω′)2 Z2 (ω − ω′ + iδ)− φ2 (ω − ω′ + iδ)


+
ipi
ω
∫ +∞
0
dω
′
α2F
(
ω
′
)[N (ω′)+ f (ω′ + ω)]
(
ω + ω
′
)
Z
(
ω + ω
′
+ iδ
)
√
(ω + ω′)
2
Z2 (ω + ω′ + iδ)− φ2 (ω + ω′ + iδ)

 .
The symbols N (ω) and f (ω) are the Bose-Einstein and
the Fermi-Dirac functions, respectively.
A. THE OBTAINED RESULTS
Fig. 1 presents the form of the order parameter on the
real axis for the lowest temperature analysed in the pa-
30 100 200 300 400
0
50
100
150
200
(
) [
m
eV
]
*=0.1
(
) [
m
eV
]
 
 Re[ ]
 Im[ ]
1.0 TPa
0 100 200 300 400
0
50
100
150
200
 
 
*=0.3*=0.2
0 100 200 300 400 500
0
50
100
150
200
(
) [
m
eV
]
 
*=0.1
1.5 TPa
0 100 200 300 400 500
0
50
100
150
200
 
 
*=0.3
0 100 200 300 400
0
50
100
150
200
 
 
0 100 200 300 400 500
0
50
100
150
200
 
 
*=0.2
0 150 300 450 600
0
50
100
150
200
*=0.12.5 TPa
 [meV] [meV]
0 150 300 450 600
0
50
100
150
200
 
 
*=0.2
 [meV]
0 150 300 450 600
0
50
100
150
200
 
 
*=0.3
FIG. 1: The real part and the imaginary part of the order parameter on the real axis for T = T0. Additionally, the rescaled
Eliashberg functions are plotted (100α2F (ω)), which reflects the correlations in the course of the functions Re [∆ (ω)] and
α2F (ω).
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FIG. 2: The real part and the imaginary part of the order parameter on the complex plane for the selected values of the
temperature and µ⋆ = 0.1. The lines with symbols were obtained for ω ∈ 〈0,Ωmax〉, the lines without symbols were obtained
for ω ∈ (0, ωc〉.
4TABLE I: The selected parameters of the high-pressure su-
perconducting state in hydrogen.
Quantity Unit µ⋆ 1 TPa 1.5 TPa 2.5 TPa
λ 5.88 4.71 2.43
ωln meV 50.1 43.18 147.22
0.1 0.802 0.827 0.256
r 0.2 0.679 0.690 0.210
0.3 0.606 0.601 0.180
Ωmax meV 479.40 544.55 650.47
0.1 466.1 414.1 437.3
TC K 0.2 395.1 345.7 359.3
0.3 352.1 301.2 308.0
0.1 106.06 89.03 89.80
∆ (0) meV 0.2 89.73 73.42 72.37
0.3 78.93 63.37 61.24
0.1 612.16 489.6 476.7
HC (0) /
√
ρ (0) meV 0.2 533.98 416.8 392.6
0.3 480.06 364.0 336.8
0.1 2871.3 2065.35 1879.4
∆C (TC) /kBρ (0) meV 0.2 2677.67 1584.87 1505.9
0.3 3265.82 1652.47 1262.8
per. It can be easily noticed that the non-zero values
are taken only by the real part of the order parameter in
the range of the low frequencies. Physically it means no
damping effects, which is tantamount to the forever liv-
ing Cooper pairs [34]. Additionally, clearly noticeable is
the destructive impact of the increase in the value of the
Coulomb pseudopotential on the superconducting state.
The open dependence of the order parameter on the
temperature is depicted in Fig. 2. It has been found that
the values of the function ∆ (ω) on the complex plane
construct the characteristic deformed spirals, whose size
clearly decreases with the increasing temperature.
The physical value of the order parameter for the given
temperature has been calculated on the basis of the for-
mula:
∆ (T ) = Re [∆ (ω = ∆(T ))] . (5)
The obtained results are plotted in Fig. 3. It can be
clearly seen that, irrespective of the assumed magnitude
of the depairing electron correlations, the order param-
eter for T = T0 and the critical temperature take the
high values. In particular, TC changes in the range from
about 300 K to 470 K, whereas ∆ (0) = ∆ (T0) lies in
the range from about 61 meV to 106 meV (see also Tab.
I). Let us also notice that due to the strong-coupling and
retardation effects, the ratio of the energy gap to the
critical temperature clearly exceeds the universal value
of 3.53, which is predicted by the BCS theory [25], [26]:
2∆ (0) /kBTC ∈ 〈4.84, 5.85〉. The full dependence of the
order parameter on the temperature can be reproduced
with the help of the simple formula:
∆ (T, µ⋆) = ∆ (µ⋆)
√
1−
(
T
TC
)Γ
, (6)
where Γ = 3.2. The additional consequence of the ex-
tremely strong electron-phonon interaction in the metal-
lic atomic hydrogen is the significant increase in the value
of the electron effective mass: m⋆e = Re [Z (ω = 0)]me,
where the symbol me represents the electron band mass.
The detailed course of the function m⋆e (T ) is presented
in Fig. 4. It can be seen that the effective mass takes the
particularly high values for the pressure at 1 TPa and
1.5 TPa (the range from 3.49 me to 6.88 me). However,
for p = 2.5 TPa the values of m⋆e (T ) are also significant
(the range from 2.85 me to 3.43 me). The maximums
of the plotted functions m⋆e (T ) are always observed for
T = TC , where: [m
⋆
e]max ≃ (1 + λ)me [35]. The free en-
ergy difference between the superconducting and normal
state has been calculated on the basis of the solutions of
the Eliashberg equations on the imaginary axis [35]:
∆F
ρ (0)
= −2pi
β
M∑
m=1
(√
ω2m +∆
2
m − |ωm|
)
(7)
× (ZSm − ZNm
|ωm|√
ω2m +∆
2
m
),
where ZSm and Z
N
m denote the wave function renormal-
ization factor for the superconducting state (S) and the
normal state (N), respectively. The symbol ρ (0) denotes
the value of the electron density of states at the Fermi
level. Hence, the thermodynamic critical field is deter-
mined in the very simple manner:
HC√
ρ (0)
=
√
−8pi [∆F/ρ (0)], (8)
as well as the specific heat difference between the super-
conducting and normal state:
∆C (T )
kBρ (0)
= − 1
β
d2 [∆F/ρ (0)]
d (kBT )
2 , (9)
where the specific heat of the normal state is given with
the expression: CN = γT , γ denotes the Sommerfeld
constant: γ = 23pi
2k2Bρ(0) (1 + λ).
The obtained results are presented in Fig. 5 and Fig.
6. Using the plots, it can be seen that the characteristic
values of the analysed thermodynamic functions (Tab. I)
decrease with the increasing pressure.
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FIG. 3: The dependence of the order parameter on the temperature.
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FIG. 4: The influence of the temperature on the value of the electron effective mass.
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FIG. 5: The thermodynamic critical field as a function of the temperature.
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III. SUMMARY
The superconducting state inducing in the metallic
atomic hydrogen for the value of the pressure at 1 TPa,
1.5 TPa, and 2.5 TPa cannot be properly characterized
by the BCS theory. This is due to the existence of the
significant strong-coupling and retardation effects. In
particular, they are responsible for the very high val-
ues of the critical temperature (the range from about
300 K to 470 K) and the marked increase in the effec-
tive mass of the electron. It should be noted that the
results under consideration were obtained for the wide
range of values of the depairing electron correlations:
µ⋆ ∈ {0.1, 0.2, 0.3}. Additionally, the presented work
has determined the dependence of the thermodynamic
critical field and the specific heat of the superconducting
state on the temperature. The characteristic values of the
discussed functions clearly decrease with the increasing
pressure.
[1] J. G. Bednorz and K. A. Mu¨ller, Zeitschrift fu¨r Physik B
Condensed Matter 64, 189 (1986).
[2] J. G. Bednorz and K. A. Mu¨ller, Reviews of Modern
Physics 60, 585 (1988).
[3] C. W. Chu, L. Gao, F. Chen, Z. J. Huang, R. L. Meng,
and Y. Y. Xue, Nature 365, 323 (1993).
[4] L. Gao, Y. Y. Xue, F. Chen, Q. Xiong, R. L. Meng,
D. Ramirez, C. W. Chu, J. H. Eggert, and H. K. Mao,
Physical Review B 50, 4260 (1994).
[5] N. Takeshita, A. Yamamoto, A. Iyo, and H. Eisaki, Jour-
nal of the Physical Society of Japan 82, 023711 (2013).
[6] A. F. Hebard, M. J. Rosseinsky, R. C. Haddon, D. W.
Murphy, S. H. Glarum, T. T. M. Palstra, A. P. Ramirez,
and A. R. Kortan, Nature 350, 600 (1991).
[7] Y. Kamihara, T. Watanabe, M. Hirano, and H. Hosono,
Journal of the American Chemical Society 130, 3296
(2008).
[8] J. Nagamatsu, N. Nakagawa, T. Muranaka, Y. Zenitani,
and J. Akimitsu, Nature 410, 63 (2001).
[9] N. W. Ashcroft, Physical Review Letters 21, 1748 (1968).
[10] E. G. Maksimov and D. Y. Savrasov, Solid State Com-
munications 119, 569 (2001).
[11] R. Szcze¸s´niak and M. W. Jarosik, Solid State Communi-
cations 149, 2053 (2009).
[12] M. Stadele and R. M. Martin, Physical Review Letters
84, 6070 (2000).
[13] A. P. Drozdov, M. I. Eremets, and I. A. Troyan, preprint
at http://arxiv.org/abs/1412.0460 (2014).
[14] A. P. Drozdov, M. I. Eremets, I. A. Troyan, V. Kseno-
fontov, and S. I. Shylin, Nature 525, 73 (2015).
[15] N. W. Ashcroft, Physical Review Letters 92, 187002
(2004).
[16] Y. Li, J. Hao, H. Liu, Y. Li, and Y. Ma, The Journal of
Chemical Physics 140, 174712 (2014).
[17] D. Duan, Y. Liu, F. Tian, D. Li, X. Huang, Z. Zhao,
H. Yu, B. Liu, W. Tian, and T. Cui, Scientific Reports
4, 6968 (2014).
[18] A. P. Durajski, R. Szcze¸s´niak, and Y. Li, Physica C 515,
1 (2015).
[19] A. P. Durajski, R. Szcze¸s´niak, and L. Pietronero, An-
nalen der Physik, DOI:10.1002/andp.20150031 (2015).
[20] T. Guillot, D. J. Stevenson, W. B. Hubbard, and
D. Saumon, The Interior of Jupiter in Jupiter: The
Planet, Satellites and Magnetosphere, Series: Cambridge
Planetary Science (No. 1). Edited by: F. Bagenal, T. E.
Dowling, and W. B. McKinnon (Cambridge University
Press, 2004).
[21] P. Cudazzo, G. Profeta, A. Sanna, A. Floris, A. Conti-
nenza, S. Massidda, and E. K. U. Gross, Physical Review
Letters 100, 257001 (2008).
[22] R. Szcze¸s´niak and E. A. Drzazga, Solid State Sciences
19, 167 (2013).
7[23] Y. Yan, J. Gong, and Y. Liu, Physics Letters A 375,
1264 (2011).
[24] R. Szcze¸s´niak, D. Szcze¸s´niak, and E. A. Drzazga, Solid
State Communications 152, 2023 (2012).
[25] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Physical
Review 106, 162 (1957).
[26] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Physical
Review 108, 1175 (1957).
[27] G. M. Eliashberg, Soviet Physics-JETP 11, 696 (1960).
[28] J. M. McMahon and D. M. Ceperley, Physical Review B
84, 144515 (2011).
[29] R. Szcze¸s´niak, E. A. Drzazga, and A. M. Duda, Solid
State Communications 166, 50 (2013).
[30] E. A. Drzazga, R. Szcze¸s´niak, and A. M. Duda, Physica
B 445, 68 (2014).
[31] R. Szcze¸s´niak, A. M. Duda, E. A. Drzazga, and M. A.
Sowin´ska, Physica C 506, 115 (2014).
[32] R. Szcze¸s´niak, A. M. Duda, and E. A. Drzazga, Physica
C 501, 7 (2014).
[33] R. Szcze¸s´niak, E. A. Drzazga, and D. Szcze¸s´niak, Euro-
pean Physical Journal B 88, 52 (2015).
[34] G. Varelogiannis, Zeitschrift fu¨r Physik B Condensed
Matter 104, 411 (1997).
[35] J. P. Carbotte, Reviews of Modern Physics 62, 1027
(1990).
